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Abstract. Ehrenfeucht's Conjecture, that each subset S of a finitely generated free monoid has a 
finite subset T such that if two endomorphisms of the monoid agree on T, then they agree on S, 
has recently been verified. In this paper we extend this result from endomorphisms to certain 
types of finite substitutions by applying KSnig's Lemma, and embeddings of the monoid into a 
free algebra. 
1. Introduction 
In an earlier paper [2] the authors verified the Ehrenfeucht Conjecture by proving 
that each system of equations in a finite number of variables over a free monoid 
has a finite equivalent subsystem. We refer the reader to [6] for a very complete 
discussion of the Ehrenfeucht Conjecture and its ramifications. In this paper we 
partially answer in the affirmative a generalization of Ehrenfeucht's Conjecture 
posed by Professors Culik, II and Karhum~iki [5]. 
Ehrenfeucht had conjectured the existence of a finite test set in a language on a 
finite alphabet that distinguishes distinct endomorphisms. The generalization is to 
replace the pair of endomorphisms by a pair of finite substitutions. Some of the 
techniques used in this paper are similar to those used in the earlier paper. 
A substitution is" a mapping from words over an alphabet ,Y to sets of such words 
accomplished by substituting for each occurrence of an element of I one of a 
specified set of words. These substitutions eed not be done uniformly. For example, 
if a substitution I over {a, b} is defined by 
a --> {a 2, ab}, b "> {b 7, bab}, 
then applying this substitution to aba yields the set 
{a2b7a 2,a2b7ab, a2baba 2, a2babab, abSab, abSa 2, ab2abab, ab2aba2}. 
A language L is a subset o f / * .  The question we wish to consider here is the following. 
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Problem 1.1. Given Lc_,~*, is there a finite set Lo lL  such that if or and z are 
substitutions, then or(w) = z(w) for all w in Lo if and only if or(w) = z(w) for all w 
in L. 
We call such an Lo a test set for L. 
The equality or(w) = ~-(w) can be viewed either as an equality of sets, or as an 
equality of multisets (sets with multiplicities of repetitions noted). 
2. Bounded substitutions 
We first look at the finite substitution problem in the particular case where we 
have some control over the size of the substitution. The question we wish to answer 
here is the following. 
Problem 2.1. Given L_  2"  and a mapf :Z  -->N, is there a finite set L0 C L such that 
if or and r are substitutions with Ior(x)l. I (x)l then or(w)= ~-(w) for 
all w in Lo if and only if or(w) = ~-(w) for all w in L. 
In answering the above question we use K6nig's Lemma on the branching of 
trees as well as the existence of test sets for pairs of endomorphisms. We first 
consider the case where equality of substitutions i viewed as equality of multisets. 
As in the case of endomorphisms on 2 we will reduce our problems to one 
concerning solution sets of equations. 
Consider a word w over the alphabet ~; = {.S~ : 1 ~< i ~< n} and two substitutions z 
and or with = ks and Jor(Zi)J = li. Introduce variables x~, 1 <~ i<~ n, 1 <~j~< ki, 
and y{, 1 <~ i <~ n, 1 ~<j <~ li. Now consider the abstract substitutions X of {x~" 1 <~j <~ 
/q-} for 2i and Y of {y~'l<-j<-l~} for Z~ in w. If r (w)=or(w)  (as multisets) is 
possible, then it must be the case that IX(w)l --I Y(w)l -- N, say. Enumerate X(w) 
and Y(w) and let X(w)(k), (Y(w)(k)) stand for the kth element of X(Y) .  For 
0 s SN (a permutation of N),  let 
N 
So = A (X(w)(k)= Y(w)(O(k))). 
k=l  
Now let Tw = Vo~sN Se. Then r(w) = or(w) if and only if Tw is satisfied with x~ 
replaced by z(,~)j and y~ by or(~;i)j. This is true because the variables x~, y~ serve 
merely as placeholders and each So specifies one of the ways in which the sets z(w) 
and or(w) might agree. Note, however, that the formula T~ depends only on Jz(-~)l, 
1 ~< i <~ n and Ior(,~)l, 1 <~ i<~ n and so the same formula serves to determine quality 
of any two substitutions with these characteristics in w. 
As in the case for homomorphisms, the existence of a test set for L will rest on 
whether or not the system { T~:w ~ L} has a finite equivalent subsystem. We now 
deal with this question in the setting of groups. 
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Suppose that, for 1 <~ i<~oo, T~=Vk~ A S~ are finite sets of equations (of the 
form w(x~, . . . ,  x~) = 1) (over groups) in variables x~, . . . ,  x,. We say T~ is satisfied 
in G by a homomorphism 13 : F, --> G (F,, a free group generated by a~, . . . ,  a,)  if, 
as a result of substituting fl(aj) for xj (1 <~j ~< n), one of the S~ is satisfied. 
For S a finite set of equations let Ns be the normal subgroup of F, generated by 
{w(a~, . . . ,  a~) : (W(Xl , . . . ,x~)  = 1)~ S}. Now let 
nm,...,m= Ns~ ~...~s~, (mj<- ~). 
These normal subgroups of F, form a tree (under containment): 
HII~ /Hike. , ~Hkl~. o/Hklk2 
Note that/3 satisfies S~ if[ Ns~ __ ker/3. 
Proposition 2.2. /3 satisfies TI ^. • • ^  T~ if and only if Hm,...m, ~ ker/3 for some 
ml , . . . , m l .  
Proof. This is clear, since if/3 satisfies Tj, 1 ~<j ~ l, then Ns~j c_ ker/3 for some mj, 
hence (since ker/3 is normal), Hm,...m, c_ ker/3. [] 
Now prune the tree given above by saying that H,,,,...m, is a terminal node if for 
each t > l and some choice of ml+l , . . . ,  m, (satisfying earlier restrictions) we have 
Hmtm2...mtm~+l...m, = Hml . . . rn~.  
Proposition 2.3. I f  Fn satisfies the ACC on normal subgroups, then this tree is finite. 
Proof. T is finitely branching and, by ACC, has only finite branches. By Kfnig's 
Lemma T is finite. [] 
Corollary 2.4. A ~ ~ T~ is equivalent to A ~= 1 T~ for some n. 
Proof. The tree is of depth n, say, so if/3 satisfies T1 ^ " • • ^  Tn, then H,,,...mn <~ ker/3; 
hence, for each k > n and for some choice of m,,+~,..., ink, we have Hm,...m,mn+,...mk c__ 
ker/3, so/3 satisfies A~ T~. [] 
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Now recall that 2"  embeds in the free metabelian group which satisfies ACC on 
normal subgroups, so if each S~ is a system of monoid equations, we still have 
Corollary 2.4 holding. Thus, we get the following theorem. 
Theorem 2.5. Given two maps f l ,  f2: ~, "> N and a language L over ~, L has a finite 
test set for pairs of substitutions % or such that =A(,v,) and Io-(Zi)[ =f2(2,). 
Proof. (1) If there is a word w of L such that It(w)[ ~ [tr(w)[ (as multisets), then 
{w} is a test set. 
(2) Otherwise, we have {Tw: we L}. This has a finite equivalent subsystem 
{T~: 1 ~<j <~ k} and, hence, the set {wj:l <~j~< k} is a test set. [] 
Corollary 2.6. Given a function f :  ,Y --> •, there is a finite test set for L for pairs of 
substitutions cr, ~- with [tr(,~i)[, [r(Z,)I <~ f (x) .  
Proof. Just take the union of the (finitely many) test sets guaranteed by 
Theorem 2.5. [] 
This solves the problem for multisets. 
For sets we need only change the construction of Tw. Suppose IX(w)[ = nl, 
I Y(w)l-- n2, then, for each pair of surjections f~:nl-~m, f2: n2-~m, define 
m 
Sly,f2= A " f? l (k )u  f21(k) are all equal", 
k=l  
where the phrase in quotes is a further finite conjunction of equalities. The rest of 
the argument is the same as for multisets. 
We also note the following proposition. 
Proposition 2.7. There is an effective procedure for deciding if L~ (finite) is a test set 
for L2 (finite), for substitutions bounded as above. 
Proof. In spirit, the proof is the same as for morphisms and relies on the fact that 
the existence of solutions to a set of equations over a free monoid is decidable. [] 
3. Finite substitutions in general 
We have seen from the previous section that if there is a uniform bound in the 
number of elements in the finite substitutions, then a test set exists whether we 
consider equality of substitutions as equality of sets or equality of multisets. We 
now wish to drop the uniform bound condition. At the same time we will consider 
equality of substitutions only as equality of multisets. Let us first put the problem 
into an algebraic setting. 
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Let M be a free monoid with generating set {u l , . . . ,  uk} and let ZM be the integral 
monoid ring. If r is a finite substitution on M, associate with it a homomorphism 
F( r ) :M~ZM* 
defined by u~--~ m~ +. • -+ mr,, where r(u~) = {m~,. . . ,  mr,} as a multiset. Here, ZM* 
denotes the multiplicative monoid ZM-  {0}. It is easily checked that if z and r' are 
finite substitutions on ~,  then r = ~" (as multisets) if and only if F( r )  = F(~') (as 
functions). 
If Lc  M, then F(r)IL = F(r')IL (as functions) if and only if m(ul ,  u2 , . . . ,  Uk) ~ L 
implies 
m( F( z)( aO, . . . , F(  ~')( Uk) ) = m( F( ~")( ul), . . . , F(  ~")( Uk) ). 
Replacing F(7")(ui) by xi and F(~")(ui) by yi gives rise to a system of equations 
{m(Xl , . . . ,Xk)=m(yl , . . . ,yk)}m~=, ..... =k)~L" 
Now L has a test set for finite substitutions if and only if the above system of 
equations has an equivalent finite subsystem (i.e., a finite subsystem with the same 
solution set as the whole system). 
Thus we are led to the following question. 
Question A. Is every system of monoid equations equivalent over Z•* to a 
subsystem? 
Algebraically it is easier for us to consider the free algebra OM over the rational 
numbers Q. Note that M can be ordered lexicographically and that this gives a 
homomorphism a :QM* ~ Q*, where a(polynomial) = coefficient of the largest 
monomial. 
It is easily seen that QM* is isomorphic to Q* x T, where T is the kernel of the 
above map. If it were true that T is a free monoid, then the earlier proof of the 
Ehrenfeucht Conjecture [2] would yield an affirmative answer to our question. 
Unfortunately, this is not the case; for example, we have ul(u2ul + 1) = (ulu2+ 1)ul. 
However, we do not need to have T free in order to use the earlier esults. We only 
need to have T embedded in a direct (Cartesian) product of free monoids and 
abelian groups. 
Question B. Can QM* be embedded into a direct product of free monoids and 
abelian groups or at least into a direct product of metabelian groups? 
In order to answer Question B it is desirable to get as many maps as possible 
from QM* (or T) into free monoids. We now describe two such maps. 
Consider the elements of T as polynomials in which the coefficient of the greatest 
monomial is I. A polynomial is homogeneous if all mononomials (with nonzero 
coefficients) in the polynomial have the same degree. Cohn has proved that the 
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homogeneous elements of T form a free submonoid [4, Proposition 6.3, p. 237]. 
Given a polynomial in T, map it to its homogeneous part of greatest (least) degree. 
There are monoid morphisms from T to a free monoid. 
Let us call a finite substitution homogeneous if each element in the set has the 
same degree. 
Theorem 3.1. I f  Lc  M is a language with test set S which separates endomorphisms 
on M restricted to L, then S is also a test set for homogeneous finite substitutions. 
Proof. The homogeneous elements in T form a free monoid. Now use the main 
theorem in [2]. [] 
We now give an affirmative answer to Question A for a system of equations in 
two variables. 
q'heorem 3.2. An infinite system of ring equations in two variables is equivalent over 
the free ring to a finite subsystem. 
Proof. If p(x, y) = 0 is a nontrivial ring equation and (a, b) is an ordered pair of 
elements in the free ring which is in the solution set of the equation, then a commutes 
with b [4, p. 244]. Thus, we are reduced to the commutative case and as the free 
commutative ring in a finite number of variables is Noetherian, we have a finite 
equivalent subsystem. [] 
Remark 3.3. The fact that a pair of elements in the free ring which do not generate 
a free subring must commute, also holds in the free group and results in a parallel 
theorem for systems of equations in two variables in groups [1]. However, unlike 
the case for the free group, we have no uniform bound on the size of the finite 
subsystem. 
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